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A general analytical solution of the light scattered from arbitrarily shaped particles that are
represented by an expansion of a series of trigonometric functions and associated Legendre
polynomials is considered. We focus here on the Gaussian random particles calculating the S4-
matrix elements; the S/-matrix approach is a variety of the T-matrix formulation.

INTRODUCTION

The most fundamental characteristic that determines scattering of electromagnetic waves
from physical objects is particle shape. Within the last few decades, there have been many
studies of light scattering of electromagnetic waves as a function of particle shape, and signif-
icant progress has been achieved in the development of different algorithms and techniques
in electromagnetic wave scattering [e.g., 1]. Our approach allows a simplification and unifica-
tion of the morphological description of particles. We combine this particle description with
a T-matrix formulation to calculate the light-scattering from such particles using the S4-
matrix that can often provide an analytical solution. The S/-matrix technique [2] has been
applied to study light scattering of particles with different shapes. The simplified $% matrix
depends only on particle morphology and is found by performing surface integrals. Size and
refractive index dependence are incorporated through analytical operations on the S/ matrix
to produce the T matrix. We here present the particle generation technique and provide sev-
eral examples of light scattering calculations using the S/-matrix method. We focus on Gaus-
sian-random-sphete particles.

THEORY

Let us consider a particle whose shape is described by a single-valued continuous function
R(H, (0), where @ and @ are the polar and azimuth angles, respectively, in a spherical coordi-
nate system with the center located within the particle. In our approach we expand R(6,¢)
in a Laplace series
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where the expansion coefficients @,,, and b, determine the particle shape. The spherical

harmonics R™(cos@)cosmg and R™(cos@)sinme are a complete set of orthonormal

functions, and hence the set forms an orthonormal basis of the Hilbert space of square-
integrable functions. On the unit sphere, any square-integrable function can be expanded as a
linear combination of the functions.

To apply the expansion in practice, the upper limit of the outer summation in (1) should

be truncated to finite N. The coefficients &, and D, can be found, analytically, if the
function R(@, qo) is known. However, there is another way to find the coefficients using
discrete values of the function R(Hi,goj). Let us consider the values at 2N? points:
R, =R(@,9,). i=1...N; j=1...2N . By substituting R(g,, ¢, ) into Eq. (1) with finite upper
limit we obtain a system of linear equations, where @, and by, are unknown. Solution of

this system gives us a representation of the particle shape as a simple and easily calculated
expansion into a seties expansion over trigonometric functions and associated Legendre’s
polynomials. Such an approach does not require an explicit form of the function R(6,¢): it

is sufficient to designate its values at 2N? points. For example, one can generate numetically
a group of radii radiating more-or-less isotropically from the center of the spherical coordi-
nate system. The radii can be considered as a skeleton of a model particle. The length distri-
bution of the radii and orientation of each are arbitrary depending on the particle. Thus, our
approach can include regular particles (e.g., spheroids, ellipsoids and cubes) as well as pat-
ticles with random shapes, like the Gaussian random particles [3]. To find the light-scattering
solution, we introduce the so-called 5% matrix, which depends on the object shape only. The
elements of the T matrix [1] can be expressed in terms of S/-matrix elements. For example,

the elements RQJ Mo and JM - canbe expressed using the §5 matrix as follows [2]:
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where X =27r/A is the size parameter, 7 is the size of the major axis of a particle, A is the

wavelength of incident light; 720 is the refractive index of the particle, $4 and RgS$h ate the
shape matrices or just S/-matrix elements. We have found explicitly the elements for any
particle whose shape can be represented by the expansion (1). Thus we suggest an analytical
solution for a very wide class of particle shapes.

CALCULATIONS AND DISCUSSION

The current implementation of the algorithm for computing the expansion coefficients and
particle scattering properties is written in the C++ language and for proper operation re-

239



Sh matrix for arbitrary scatterers D. Petrov et al. ELS'XII

quires the Intel Math Kernel Library not older than 9.1. This code allows us to calculate the
expansion coefficients for different particles, e.g., ellipsoids, parallelepiped-like particles, and
Gaussian random spheres. The latter particles can be described through the spherical har-
monics and the associated Legendre polynomials in the manner [3]

Cexp [ZN: ZI: P" (cos @) A,, cosmg + B, sin mgo))
R(H,(/))Z 1=0 m=0 R (5)
V1+o?
where the coefficients .4;, and By, are independent Gaussian random variables with zero
mean and equal variances:

IBIan :(2_5m0)(l — ;Clﬂz

(I+m

©)

A% =In(L+ 0'2)’ )

¢, = (21 +Dep(-x)i (x) ®)
(. rY*

= 4(3'”zj , ©)

where C is a constant, 62 is the radii variance, [ is the correlation angle, and 7(x) are the
modified spherical Bessel functions. This method allows one to generate irregular particles.
The value I should be entered in degrees and cannot be smaller than 3°.

In Figs. 1 and 2, we show otientation-averaged calculated phase dependences of intensi-
ty and polarization degree for Gaussian random spheres at different 70 and I using the Sh-
matrix method.
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Figure 1. Phase curves of intensity and polatization degree for a Gaussian random sphere
having X = 5, 7= 1.33, 0= 0.3, I' = 10° (left panel), and I" = 50° (right panel).

240



Helsinki 2010 D. Petrovetal. Sh matrix for arbitrary scatterers

| — mo=1.1
—@&— mo=1.2
0l & - mo=13|
—<— mo=1.4
—&— mo=1.5

0.001 =

0.0001 = ; ; | + ; | ‘ ‘ =

P %go

40

-40 :
0 60 120 180

Figure 2. Phase curves of intensity and polarization degree for a Gaussian random sphere
having 0= 0.3 and I" = 20° at different .
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