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The problem of measurement of the block-diagonal scattering matrix is addressed. It has been 

shown that non-zero elements of the scattering matrix with block-diagonal structure can be 

measured using only two polarizations of input radiation. Optimal pairs of these polarizations 

are derived. Utilization of the optimal input polarization results in half the measurement time 

and a decrease in measurement errors of approximately 30%. 

INTRODUCTION 

The block-diagonal scattering matrix of the form 

 























4443

3433

2221

1211

00

00

00

00

 

mm

mm

mm

mm
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plays a key role in many light-scattering problems. The structure of M in Eq. (1) can be the 

result of symmetry of a single particle or a collection of particles in multiple scattering [1,2] 

and by the illumination-observation geometry for backward [3] and forward [4,5] scattering. 

Scattering matrix M was used in the study of the optical characteristics of oceanic water 

[6,7]; of an ensemble of identical, but randomly oriented fractal particles [8]; of dense spheri-

cal particle suspensions in multiple-scattering case [9]; of the multiple scattering of light by an 

ice cloud consisting of nonspherical ice crystals [10]; of polydisperse, randomly oriented ice 

crystals modeled by finite circular cylinders with different size distributions [11]; for characte-

rizing cylindrically shaped radially inhomogeneous particles [12]; small spherical particles 

(diameters range from 0.2 to 1.5 µm) sparsely seeded on a surface of crystalline silicon c-Si 

wafer [13]; for measurements of the complex refractive index of isotropic materials as ma-

trices of isotropic and ideal metal mirror reflections [14]; in developing a symmetric three-

term product decomposition of a Mueller-Jones matrix [15]; in the very general and impor-

tant cases of (i) randomly oriented particles with a plane of symmetry [16] and  (ii) with equal 

numbers of particles and their mirror particles [17]. 

Non-zero elements of the matrix M can be considered as the corresponding incomplete 

scattering matrices. Our main concern here is the utilization of this fact in the experimental 
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determination of non-zero elements of matrix M to decrease the error and time of measure-

ments. 

MEASUREMENT OF BLOCK-DIAGONAL SCATTERING MATRIX 

The most appropriate measurement strategy of the block-diagonal scattering matrix M in Eq. 

(1) is the so-called time-sequential measurement strategy [18]. The measurement equation 

[18] of the time-sequential strategy takes the form 
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Here k

ir , k

is  are the i-th parameters of the k-th Stokes vectors of input and output radiation. 

From Eq. (2) it can be deduced that the non-zero matrix elements can be measured by using 

only two input polarizations. In other words, Eq. (2) can be reduced to two independent 

subsystems of equations relative to the non-zero elements of M with the following characte-

ristics matrices 
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It can be seen that the rows of the characteristics matrices V1 and V2 are formed by Stokes 

parameters of two polarizations of input radiation. The most important question resulting 

from Eq. (3) is what two polarizations should one use to measure the non-zero elements of 

the matrix M? 

CHOICE OF INPUT POLARIZATIONS 

If the values of parameters k

ir , k

is  in Eq. (2) are known accurately, i.e. without measurement 

errors, then the answer to this question is as follows: any two polarizations giving 

  0det 1 V  and   0det 2 V . However, this is not the case in the presence of measurement 

errors. In this case we use the condition number method [19]. Evidently, the connection 

between the matrices in Eq. (3) dictates that the values of Stokes parameters of  input polari-

zations k

ir  should minimize the condition numbers of both characteristics matrices V1 and 

V2  in Eq.(3) simultaneously. This can be realized by minimization of the condition number 

of the product of the matrices V1V2=V. In this case the condition number is a function of 

four variables: two azimuths and two ellipticities of two input polarizations. 

Analysis shows that the minimal value of condition number is   2Vcond , which cor-

responds to 18.3)()(
min2min1  VV condcond , and this solution is not unique. Graphical-
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ly the dependences of the condition number  Vcond  on values of ellipticities 
2,1  and azi-

muths 
2,1  of input polarizations are presented in Fig.1. 

Dependences presented in Fig.1 correspond to the following pair of optimal input pola-

rizations  7.141 ,  6.372 ,  8.791 ,  5.422 . The explicit form of the charac-

teristics matrices Eq.(3) in this case are  
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                                      (a)                                                                      (b) 

Fig.1. Dependences of condition number  Vcond  on values of ellipticities 
2,1  and azi-

muths 
2,1  for first (а) and second (b) polarization of input radiation (other polarizations in 

both cases is fixed and optimal). 

CONCLUSIONS 

We have demonstrated that non-zero elements of the block-diagonal scattering matrix M can 

be measured using only two polarizations of input radiation (see Fig. 1) and derived optimal 

pairs of these polarizations. Note that in practice the measurements with two input polariza-

tions should be foreshadowed by calibration measurements with four input polarizations, 

which determine whether the scattering matrix has exactly block-diagonal form. If it is the 

case, then the utilization of derived optimal input polarizations in Fig. 1 results in half the 

measurement time and approximately a 30 % decrease of measurement errors, with all else 

being equal. 
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